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Abstract
We study the class of locally (soluble-by-finite) groups in which all proper subgroups are soluble-
by-finite rank. There are infinite simple groups in this class.
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1. Introduction
If P is a group theoretical property or class of groups then a group G is a P-group if
G has the property P or is a member of the class P . We let P denote the class of groups
G in which every proper subgroup of G is a P-group and write LP for the class of locally
P-groups. Our notation for group-theoretic classes and closure operations is standard, and
generally follows [18]; thus the class of nilpotent groups (respectively soluble groups) is
denoted by N (respectively S), and a subscript attached to either of these symbols indicates
a corresponding bound on the nilpotency class (respectively derived length) of the groups
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of finite groups.
There is a rather extensive literature concerning structure theorems for groups in the
class P for various classes P . Among the most recent results of this type are those occur-
ring in [4,5], which dealt with the class NF, and [16,17] which were concerned (partly)
with the class of groups all of whose proper subgroups are nilpotent-by- ˇCernikov. Also,
the very important paper [1], when combined with [16, Theorem A], shows that a lo-
cally graded group in which every proper subgroup is nilpotent-by- ˇCernikov is itself
nilpotent-by- ˇCernikov (where a group is locally graded if every nontrivial finitely gen-
erated subgroup has a nontrivial finite image). Groups in the class NF do not admit such
a tidy description since the Heineken–Mohamed groups [11], which belong to NF, are not
nilpotent-by-finite. In [8] we considered the class NR: in light of Asar’s work [1] a number
of the results in [8] can now be strengthened, although we shall not pursue this issue here.
In this paper we shall be primarily concerned with the class SR of groups in which
every proper subgroup is soluble-by-finite rank. Since infinite simple groups with all proper
subgroups cyclic of prime order are examples of SR-groups it seems reasonable to follow
the approach of many of the papers referred to above and restrict attention to the class
of locally graded groups. However, the structure of locally graded groups of finite rank
appears to be unknown and so, for the most part, we shall consider locally (soluble-by-
finite) groups.
One obstacle to obtaining structure theorems in the class of locally (soluble-by-finite)
groups is our lack of knowledge of simple groups in this class. However in [7] we recently
proved the following result concerning countable simple locally (soluble-by-finite) groups,
which will prove very useful now.
Proposition 1. Let G be a countably infinite simple locally (soluble-by-finite) group. Then
G has subgroups R, Xi , Ri , for i  1, satisfying the following properties:
(i) Xi Xi+1 for all i  1,
(ii) Ri R Xi , Ri Xi and Xi/Ri is finite for i  1,
(iii) R is locally soluble, ⋂i1 Ri = 1 and G =
⋃
i1 Xi .
In particular, G is locally (residually finite) and R has the property that if g ∈ G then there
exists an integer n such that gn ∈ R.
Descriptions of the subgroups R, Xi , Ri can be found in Section 3 below.
We shall sometimes use the terminology of [9] and say that G is periodic over R, or
that R is of periodic index in G. As we shall see below, Proposition 1 and some of its
consequences enable us to show that a simple locally (soluble-by-finite) group with all
proper subgroups soluble-by-finite rank is locally finite (and hence known). We use this to
prove the following, which is our main result in this paper.
Theorem A. Let G be a locally (soluble-by-finite) group with all proper subgroups soluble-
by-finite rank. Then either
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(ii) G is soluble-by-finite rank and almost locally soluble, or
(iii) G is soluble-by-PSL(2,F ), or
(iv) G is soluble-by-Sz(F ),
where F is an infinite locally finite field with no infinite proper subfields.
We use the standard notation for the simple groups occurring here and recall that a group
is almost locally soluble if it has a normal locally soluble subgroup of finite index. This
theorem is proved in Section 3. In Section 2 we obtain results on the class of groups in
which all proper subgroups are locally soluble-by-locally finite. In Section 4 we show how
to extend Theorem A to a seemingly larger class of groups and we also state an analogue of
this result for the class SF. We are not at present able to improve on Theorem A(i), since
the structure of locally soluble (or even locally nilpotent) groups with all proper subgroups
soluble is not known. As we mentioned above, our notation where not explained can be
found in [18].
2. The class (LS)(LF)
In this section we prove a structural result for groups in the class (LS)(LF). Just for
the record we first prove the following no-doubt well-known lemma. We recall that if Y
is some class of groups then the Y-radical of the group G is the unique largest normal
Y-subgroup of G. In general, of course, such radicals need not exist.
Lemma 1. Let G be a locally (soluble-by-finite) group. Then
(i) G has a locally soluble radical S and the locally soluble radical of G/S is trivial.
(ii) G has a (LS)(LF)-radical K and the locally finite radical of G/K is trivial. In par-
ticular, G/K is not periodic.
Proof. (i) Let M,N be normal locally soluble subgroups of G and suppose that F is a
finitely generated subgroup of MN . Observe that F/F ∩ N is soluble since it is finitely
generated and isomorphic to the subgroup FN/N of the locally soluble group MN/N .
Also F ∩ N is soluble-by-finite and locally soluble, so F is soluble. Hence MN is locally
soluble and it follows immediately that the product S of all the normal locally soluble
subgroups of G is locally soluble. Finally if T/S is a normal locally soluble subgroup of
G/S then a similar argument shows that T is locally soluble and we deduce that T = S.
Thus the locally soluble radical of G/S is trivial, as claimed.
(ii) If M and N are normal (LS)(LF)-subgroups of G then their LS-radicals are con-
tained in S and the result follows easily. 
Theorem 1. Let G be a locally graded group in which every proper subgroup is locally
soluble-by-locally finite. Then either
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(ii) G is (locally soluble)-by-simple.
Proof. Suppose first that G is finitely generated. Then, since G is locally graded, there
exists a proper normal subgroup N of finite index in G. Moreover, N is finitely generated
and we easily deduce that N is soluble-by-finite. Thus G is soluble-by-finite in this case.
We may now assume that G is not finitely generated. It follows that G is locally
(soluble-by-finite) and so G has a (LS)(LF)-radical, K say, by Lemma 1. If K = G then
G satisfies conclusion (i) so we suppose that K = G. Since every proper normal subgroup
of G is locally soluble-by-locally finite and hence contained in K we see that G/K is sim-
ple. It suffices to prove now that K is locally soluble and for this purpose we may assume
that G has trivial LS-radical and hence that K is locally finite. Assume for a contradiction
that K = 1, and choose an element z of infinite order in G; such an element exists other-
wise G would be locally finite. Now K〈z〉 has a nontrivial normal locally soluble subgroup
N with K〈z〉/N ∈ LF and, since the LS-radical of K is trivial, we see that K ∩ N = 1.
Therefore [K,N ] = 1. Thus CG(K) is a proper nontrivial normal subgroup of G and is
therefore locally soluble-by-locally finite. However this implies that CG(K)K , contra-
dicting K ∩N = 1 and completing the proof. 
3. Locally (soluble-by-finite) SR-groups
A subgroup H of a group G is inert if |H : H ∩Hg| is finite for all g ∈ G. The concept
of inert subgroups appears to have been first studied in papers of Belyaev [2,3]. Clearly
normal subgroups of groups are inert. Our first goal in this section is to show that the
subgroup R of Proposition 1 is an inert subgroup of G. To this end we recall the definitions
of R, Xi and Ri from [7]; these definitions will also be needed in the proof of Lemma 3.
If G is as in Proposition 1 then G =⋃n1 Yn, for certain finitely generated subgroups Yn
with the property that Yn  Yn+1, for n  1. If Sn is the soluble radical of Yn then R is
defined to be the subgroup generated by the Sn, for n 1 and Xn = 〈R,Yn〉, for each n.
Now let g ∈ G and let n be sufficiently large so that g ∈ Xn. Since Xn/Rn is finite,
Xn/coreXnR is certainly finite. This implies that |R : R∩Rg| is finite for all g ∈ G, so that
R is an inert subgroup of G as claimed.
Thus in a countable simple locally (soluble-by-finite) group G there are numerous in-
ert locally soluble subgroups R that have the further property that G is periodic over R.
A subgroup R with the properties mentioned in Proposition 1 will be called super-inert.
The proof of the next result is the same as that of [12, 1.B.3 Proposition] so is omitted;
the result is no doubt well known in any case.
Lemma 2. Let G be a non-abelian simple group and suppose that H is a finitely generated
subgroup of G. Then there exist subgroups P , K of G such that H  P K with K finitely
generated and P perfect.
In the next result we again need some of the specific details of the proof of Proposition 1
mentioned above.
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R is a super-inert subgroup of G with nontrivial Hirsch–Plotkin radical. Then G is locally
(nilpotent-by-finite).
Proof. Clearly we may assume that G is infinite. We use the notation established in Propo-
sition 1 and the remarks preceding this lemma. Clearly, for each positive integer n the
subgroups Xn = 〈R,Yn〉 and Rn are inert in G and Xn = G for all n.
Suppose that there exists n such that Rn has trivial Hirsch–Plotkin radical and let M
be the Hirsch–Plotkin radical of R. Then M ∩ Rn = 1 so that MRn/Rn ∼= M is finite and
hence nilpotent. Thus there is a positive integer m such that, for all j m, M is contained
in the soluble radical Sj of Yj . But, as we showed in [7, Theorem 1], the intersection of
all such Sj is trivial, and we obtain the contradiction that M = 1. Thus Rn has nontrivial
Hirsch–Plotkin radical for all n 1. Since Rn Xn it follows that Xn also has nontrivial
Hirsch–Plotkin radical, for all n 1.
Let H be a finitely generated subgroup of G. By Lemma 2 there is a perfect subgroup
P and an integer i such that H  P  Yi Xi . Let L be the Hirsch–Plotkin radical of Xi .
By [2, 1.4 Theorem], Xi/L is an FC-group and hence X′iL/L is locally finite by [18,
Theorem 4.32]. Thus X′i is locally nilpotent-by-locally finite. Also H  P = P ′  X′i so
the finitely generated group H is nilpotent-by-finite. The result follows. 
Our proof of the following result uses many of the arguments of [16, Theorem A], but
the proof is included for completeness. For a subgroup H of a group K we let
IK(H) = {g ∈ K | gn ∈ H for some non-zero integer n},
the isolator of H in K . We shall use several well-known facts concerning isolators in
nilpotent groups, and refer the reader to [10] for such facts. We shall also use the follow-
ing standard terminology. If G is a group and Y  X  G then an element x ∈ G acts
nilpotently on X/Y if
[X,x, . . . , x︸ ︷︷ ︸
i
] Y
for some natural number i. If H G and 1 = H0 H1  · · ·Hn = H is a G-invariant
series, we shall say that x centralizes this series if [Hi, x]Hi−1, for i = 1, . . . , n.
Theorem 2. Let G be a countable simple locally (soluble-by-finite) group and suppose that
R is a super-inert subgroup of G with nontrivial Hirsch–Plotkin radical. Then G is locally
finite.
Proof. We shall assume, by way of contradiction, that G is not locally finite and use the
previously established notation. By Lemma 3 each of the subgroups Yi is nilpotent-by-
finite and so every subgroup of Yi is finitely generated. If S is the Hirsch–Plotkin radical
of R then by [2, 1.4 Theorem], R/S is an FC-group. If T/S is the centre of R/S then by
[18, Theorem 4.32] R/T is locally finite. Thus there is a normal subgroup T of R such
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let Sn be the soluble radical of Yn and let Tn = T ∩Yn, a normal subgroup of R∩Yn. Since
Sn  R ∩ Yn we have |Yn : R ∩ Yn| is finite. Since R/T is locally finite and Yn is finitely
generated, R ∩ Yn/T ∩ Yn is also finite and hence
|Yn : Tn| is finite and Tn is nilpotent-by-abelian.
Since Yn is nilpotent-by-finite it has a normal nilpotent subgroup Vn such that Vn  Tn
and hence there exists Ln  Yn with Ln  Vn, Ln torsionfree and |Yn : Ln| finite. Our proof
now proceeds as in the proof of Theorem A of [16] but we give the details here.
Since |Yn : Ln| is finite we have
(1) x ∈ Yn acts nilpotently by conjugation on a torsionfree Yn-invariant central factor E/F
of Ln if and only if x ∈ CYn(E/F).
In turn this implies
(2) ILn(E)/ILn(F ) is a Yn-invariant central factor of Ln and if x ∈ CYn(E/F) then x ∈
CYn(ILn(E)/ILn(F )).
We also have
(3) There exists n¯ ∈ N and x ∈ Yn¯ such that no Yn¯-invariant central series of Ln¯ with
torsionfree factors is centralized by x.
In fact if this is not the case let {x1, . . . , xk} be a transversal, which depends upon n, to
Ln in Yn. By assumption, the groups Ln〈xi〉 are nilpotent and Yn =⋃ki=1 Ln〈xi〉. Hence,
by [18, Theorem 4.18] the hypercentre of Yn has finite index in Yn. Since the subgroups
of Yn are finitely generated it follows that there exists i = i(n) such that |Yn : Zi(Yn)| is
finite. Hence, by [18, Theorem 4.21, Corollary 2], Yn is finite-by-nilpotent. In particular
the torsion elements form a subgroup of Yn, for each n, and thus the same is true of G.
As G is simple but not locally finite this forces Yn to be nilpotent for each n. Thus G is a
simple infinite locally nilpotent group, a contradiction. Hence (3) follows.
Next suppose that x centralizes the Yn-invariant central series of Ln with torsionfree
factors:
1 = C0 C1  · · · Cm = Lm.
Then x also centralizes the series
ILn¯(C0 ∩ Ln¯) · · · ILn¯(Ln ∩Ln¯) = Ln¯,
which is of course a torsionfree Yn¯-invariant series, by (2). Hence we have
(4) If n n¯ and x is the element obtained in (3) then there is a torsionfree central factor
En/Fn of Ln which is Yn-invariant and such that x /∈ CYn(En/Fn).
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is a normal nilpotent subgroup of Tn. Since |T ′nLn : Ln| is finite it follows that En/Fn is a
central factor of T ′nLn and hence
T ′n  CYn(En/Fn) Yn.
Consequently (T ′n)Yn  CYn(En/Fn) and hence (4) implies that x /∈ (T ′n)Yn for all n  n¯.
Now since Tn  Tn+1 for all n it follows that
⋃
nn¯(T
′
n)
Yn is a locally nilpotent normal
subgroup of G and since G is simple we have that T ′n = 1 for all n  1. Hence Tn is
abelian. Now we can repeat the argument to deduce that Tn = 1 for all n. Thus T = 1 and
R is locally finite, whence so is G, the final contradiction. 
Lemma 4. Let G be an infinite simple locally (soluble-by-finite) group with all proper
subgroups soluble-by-finite rank. Then G ∼= PSL(2,F ) or G ∼= Sz(F ) for some infinite
locally finite field F , all of whose proper subfields are finite.
Proof. First let G be countable. Let R be a super-inert subgroup of G as in Proposi-
tion 1. Since a simple locally soluble group is cyclic, G is not locally soluble, and so R
is soluble-by-finite rank. If R has a nontrivial normal soluble subgroup then the Hirsch–
Plotkin radical of R is also nontrivial, while if R has finite rank then its Hirsch–Plotkin
radical is nontrivial by [18, Lemma 10.39]. Thus, in any case, G is locally finite, by Theo-
rem 2.
If G is uncountable then by [12, 4.4 Theorem] G has a local system consisting of count-
ably infinite simple subgroups, each of which is locally finite by the above argument; hence
G is locally finite. Now if H is a proper subgroup of G then there exists N H such that
N is soluble and H/N has finite rank. By a theorem of Šunkov [20], H/N is almost locally
soluble and hence H itself is almost locally soluble. The result now follows by a theorem
of Kleidman and Wilson [13]. 
Let H be a proper subgroup of a locally (soluble-by-finite) group G ∈ SR. Clearly
H/S(H) has finite rank, where S(H) denotes the locally soluble radical of H . A theorem
of ˇCernikov [6] now shows that H/S(H) is almost locally soluble and hence finite, by
Lemma 1. Thus H is almost locally soluble and so G ∈ (LS)F. However we can obtain a
little more than this, as the following result shows.
Lemma 5. Let G be a locally (soluble-by-finite) group with all proper subgroups soluble-
by-finite rank. Then either
(i) G is almost locally soluble, or
(ii) G is (locally soluble)-by-simple.
Proof. Let S be the locally soluble radical of G. Then G/S has trivial locally soluble
radical. Suppose that G/S is not simple and let N/S be a nontrivial proper normal subgroup
of G/S. Then N/S is soluble-by-finite rank and it is easily seen that N/S therefore has
finite rank. By ˇCernikov’s theorem [6] it follows that N/S is almost locally soluble and
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is abelian and hence trivial, contrary to the choice of N . Hence CG(N/S) is a proper
subgroup of G and is therefore soluble-by-finite rank. By ˇCernikov’s theorem CG(N/S) is
almost locally soluble, whence G too is almost locally soluble. The result now follows. 
We aim to improve this result in two ways; we require the following analogue of [8,
Lemma 1].
Lemma 6. Let X be a group, Y a locally nilpotent normal subgroup of X and U a soluble
normal subgroup of Y such that Y/U has finite rank. Then UX is soluble.
Proof. Suppose that U has derived length k and that Y/U has rank r . We claim that UX is
soluble of derived length at most k(r + 1). Since U UX we need only show that UX/U
has derived length at most kr . Let T be a finitely generated subgroup of UX . There is a
positive integer n and elements x1, . . . , xn of X such that T  〈V x1 , . . . , V xn〉 = W , say,
where V is some finitely generated subgroup of U .
Let p be a prime and let W/N be a finite p-image of W with W ∩ U N . Then W/N
has rank at most r and, by the Burnside Basis Theorem [19, 5.3.2], there are elements
y1, . . . , yr of {x1, . . . , xn} such that W  N〈V yi | i = 1, . . . , r〉. Since the subgroups Uyi
are all normal in UX we see that the subgroup that they generate is soluble of derived length
at most kr , as therefore is W/N . But W/W ∩ U is finitely generated nilpotent, and so the
intersection of all such N (over all primes p) is W ∩U . It follows that WU/U has derived
length at most kr and, since T was arbitrary and W contains T , the result follows. 
It is clear that UX is actually soluble of derived length at most k(r + 1) here. We can
now prove the following stronger version of Lemma 5(ii).
Lemma 7. Let G be a locally (soluble-by-finite) group with all proper subgroups soluble-
by-finite rank. If G is (locally soluble)-by-infinite simple then G is soluble-by-simple.
Proof. Let S be the locally soluble radical of G so, by Lemma 5, we may assume that G/S
is an infinite simple group. Since S is soluble-by-finite rank there exists L S such that L
is soluble and S/L is of finite rank. Suppose that L is soluble of derived length d and that
G is a counterexample with d minimal.
If G = G′ then G′ is soluble-by-finite rank. ˇCernikov’s theorem [6] shows that G′ is
almost locally soluble and hence there exists a locally soluble characteristic subgroup X of
G′ such that G′/X is finite. Thus G/X is finite-by-abelian and hence nilpotent-by-finite,
giving the contradiction that G is almost locally soluble. Hence G is perfect and we now
use induction on d to prove the result.
If d = 0 then S has finite rank and in this case we may assume that S is not soluble.
The structure of locally soluble groups of finite rank shows that there exists an integer n
such that S(n) is a direct product of ˇCernikov p-groups, for different primes p, and hence S
contains a finite characteristic elementary abelian p-subgroup P (see [18, Lemma 10.39]).
Hence G/CG(P ) is finite. If CG(P ) = G then, again, G is almost locally soluble. Hence
P  Z(G). However S/Z(G) is not soluble so S(n)Z(G)/Z(G) is a nontrivial subgroup
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Y  Z2(G) = Z(G), since G is perfect. This establishes a contradiction in this case. Con-
sequently d > 0.
The Hirsch–Plotkin radical H of G is contained in S. Let A = L(d−1) so that AH .
There is a soluble normal subgroup B of H such that H/B is of finite rank, and since A S
and AH we may assume that A B . Now the locally soluble radical of G/BG is S/BG
and LBG/BG has derived length at most d − 1. By Lemma 6, BG is soluble and by the
induction hypothesis G/BG is soluble-by-simple. Hence G is also soluble-by-simple, as
required. 
Lemma 8. Let G be a locally (soluble-by-finite) group with all proper subgroups soluble-
by-finite rank. If G is almost locally soluble, but not locally soluble, then G is soluble-by-
finite rank.
Proof. The proof is similar to that of Lemma 7. Let S be the locally soluble radical of G
and let H be the Hirsch–Plotkin radical of G. If S has finite rank then of course G has
finite rank. Hence we may suppose that S has a normal soluble subgroup L, of derived
length d > 0 such that S/L is of finite rank. Let A = L(d−1) and let B be a soluble normal
subgroup of H such that H/B has finite rank. Since A  H we may assume that A  B
and, by Lemma 6, BG is also soluble. By induction on d we may suppose that G/BG is
soluble-by-finite rank and the result now follows. 
Lemmas 4, 5, 7 and 8, together with the remark preceding Lemma 5, establish Theo-
rem A as stated in Section 1.
4. Some consequences of Theorem A
As we mentioned in the introduction the structure of locally graded groups with finite
rank does not appear to be known. Thus at the moment our main theorem cannot be ex-
tended to the class of all locally graded groups. In [6] ˇCernikov introduced a certain class
X of locally graded groups which we now describe. Let Λ denote the set of closure opera-
tions {L,R, P´, P`}; thus a class of groups is Λ-closed if it is closed under the formation of
local systems, subcartesian products and both ascending and descending series. The class
X is defined to be the Λ-closure of the class of periodic locally graded groups; the main
result of [6] is that an X-group of finite rank is almost locally soluble. The class X is a
very broad class of groups. Certainly X is extension closed and contains the classes of
all locally (soluble-by-finite) groups, all residually finite groups and all periodic locally
graded groups. Indeed, the authors know of no locally graded group that is not in the
class X. ˇCernikov’s theorem [6] is therefore a very broad generalization of the results of
Šunkov [20] and Lubotzky and Mann [15].
In this section we show that a group in the class X∩SR is locally (soluble-by-finite).
We begin with the following result.
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by-finite) group and suppose that G is soluble-by-finite rank. Then G is locally (soluble-
by-finite).
Proof. First we note that any section of G is necessarily an X-group. If K G, with K
soluble and G/K of finite rank then, by [6], G/K is almost locally soluble. If L/K is
locally soluble and G/L is finite then it is easy to see that L is locally soluble and the
result follows. 
Lemma 10. Let G be an X-group that is soluble-by-finite rank. Then G is locally (soluble-
by-finite), and hence almost locally soluble.
Proof. Let P0 be the class of periodic locally graded groups. For each ordinal α we define
the class of X-groups by the following inductive process: suppose that we have already
defined Pβ for all ordinals β < α. Then we define Pα = RPα−1 ∪ LPα−1 ∪ P´Pα−1 ∪
P`Pα−1 if α is a non-limit ordinal and Pα =⋃β<α Pβ is α is a limit ordinal. Then clearly
every X-group is an element of Pα , for some ordinal α. Let G be as stated. Observe that it
suffices to prove that G is locally (soluble-by-finite) since the final assertion in the lemma
then follows from ˇCernikov’s theorem [6].
We prove the result by transfinite induction. Suppose first that G ∈P0. Then there exists
N G such that N is soluble and G/N has finite rank. Now, by [14, Theorem], G/N is
also periodic and locally graded so ˇCernikov’s theorem shows that G/N is almost locally
soluble. It follows that G/N is locally finite and therefore that G is locally (soluble-by-
finite) as required.
Suppose that G ∈ Pβ , for some β > 0 and that the assertion of the theorem holds for
every α < β . If β is a limit ordinal then G ∈Pα for some α < β and it follows by induction
that G is locally (soluble-by-finite). Hence we may assume β −1 exists and G ∈ RPβ−1 ∪
LPβ−1 ∪ P´Pβ−1 ∪ P`Pβ−1. We now cover each of the four possibilities in turn.
Suppose that G ∈ RPβ−1. Then there exists a residual system of G consisting of normal
subgroups {Ni}i∈I such that G/Ni is in Pβ−1 and⋂i∈I Ni = 1. Now G/Ni is also soluble-
by-finite rank so, by the induction hypothesis applied to G/Ni , we have G/Ni is locally
(soluble-by-finite) for each i ∈ I . Thus G ∈ R(L(SF)). Recall that G is also soluble-by-
finite rank. If G has finite rank then, since G ∈ X, ˇCernikov’s theorem [6] shows that G
is locally (soluble-by-finite). If K  G is soluble of derived length d > 0 and such that
G/K has finite rank then we choose a maximal normal abelian subgroup A of G such that
K(d−1)  A. Then, by the choice of A, A = ⋂i∈I ANi so that G/A is also in the class
R(L(SF)). By induction on d we may assume that G/A is locally (soluble-by-finite) and
it is then easy to see that G is also locally (soluble-by-finite).
Suppose that G ∈ LPβ−1. Since every subgroup of G is also soluble-by-finite rank it is
easy to see that G is locally (soluble-by-finite) as required.
Suppose that G ∈ P´Pβ−1. There is an ascending chain of subgroups, each normal in the
next,1 = H0 H1  · · ·Hα Hα+1  · · ·Hρ = G
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Hγ in the chain is locally (soluble-by-finite) and, to this end, we may suppose that Hα is
locally (soluble-by-finite) for each ordinal α < γ . The result is clear if γ is a limit ordinal.
Otherwise Hγ−1 exists and is locally (soluble-by-finite). Also Hγ /Hγ−1 is soluble-by-
finite rank and lies in the class Pβ−1. It follows by the (original) induction hypothesis
applied to the class Pβ−1 that Hγ /Hγ−1 is locally (soluble-by-finite). Lemma 9 now ap-
plies to give Hγ locally (soluble-by-finite), so G is also.
Suppose that G ∈ P`Pβ−1. Then there is a proper normal subgroup H of G such that
G/H ∈ Pβ−1. Since G/H is soluble-by-finite rank the induction hypothesis implies that
G/H is locally (soluble-by-finite). Let K be the intersection of those normal subgroups of
G whose corresponding quotient groups are locally (soluble-by-finite). Then K = G and,
as in an earlier case, G/K is locally (soluble-by-finite), since it is R(L(SF)). If K = 1
then K has a descending series of the same type as G and hence K contains a proper
normal subgroup L such that K/L is locally (soluble-by-finite). If M = coreGL then,
again as above, K/M is locally (soluble-by-finite). By Lemma 9, G/M is locally (soluble-
by-finite) so that K M  L, contrary to the choice of L. Hence K = 1 and G is locally
(soluble-by-finite).
This completes the proof of the lemma. 
We can now extend Theorem A to the class of X-groups.
Theorem B. Let G be an X-group with all proper subgroups soluble-by-finite rank. Then
either
(i) G is locally soluble, or
(ii) G is soluble-by-finite rank and almost locally soluble, or
(iii) G is soluble-by-PSL(2,F ), or
(iv) G is soluble-by-Sz(F ),
where F is an infinite locally finite field with no infinite proper subfields.
Proof. If G is not finitely generated then, by Lemma 10, G is locally (soluble-by-finite)
and Theorem A applies. If G is finitely generated then, since it is locally graded, there is
a proper normal subgroup N of G such that G/N is finite. Then N is a finitely generated
X-group that is soluble-by-finite rank so Lemma 10 implies that N is soluble-by-finite.
Hence G is also soluble-by-finite in this case. 
Suppose that G ∈ SF is locally graded. If G is finitely generated it contains a proper
normal subgroup N of finite index which is, of course, soluble-by-finite. Thus G itself is
soluble-by-finite. On the other hand, if G is not finitely generated it is locally (soluble-by-
finite) and Theorem A applies. If G satisfies part (ii) of Theorem A so that it is almost
locally soluble there are two possibilities: either G is locally soluble or G is soluble-by-
finite. This is easy to see. We have therefore obtained the following analogue of Theorem A
for locally graded groups in the class SF.
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Then either
(i) G is locally soluble, or
(ii) G is soluble-by-finite, or
(iii) G is soluble-by-PSL(2,F ), or
(iv) G is soluble-by-Sz(F ),
where F is an infinite locally finite field with no infinite proper subfields.
A special case of [9, Proposition 2.6] shows that the class of soluble-by-finite groups
is countably recognizable. Hence an uncountable group with all proper subgroups soluble-
by-finite is itself soluble-by-finite. Thus groups of the kind described in Theorem C(iii)
and (iv) must be countable.
Finally, we note that if G is a soluble-by-simple group with all proper subgroups
soluble-by-finite rank then all proper subgroups of G are soluble-by-finite. To see this
let H be a proper subgroup of G. If K is the locally soluble radical of H then H/K has
finite rank and, by [6], H/K is almost locally soluble. Thus H/K is finite and hence H
is almost locally soluble. If N is the (soluble) locally soluble radical of G then HN/N is
almost locally soluble so HN/N is a proper subgroup of the simple group G/N . However
G/N is one of the groups PSL(2,F ) or Sz(F ) so that HN/N is soluble-by-finite. Hence
H is soluble-by-finite. Exactly which soluble-by-simple groups can arise here seems to be
difficult to decide.
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